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Abstract: In fluid mechanics, the Navier-Stokes equations are non-linear partial differential equations that describe the motion
of Newtonian fluids. A fluid can be a liquid or a gas. Therefore, the Navier-Stokes equation concerns many phenomena that
surround us. The analytical resolution, the search for exact solutions of these equations modeling a fluid is difficult. But they
often allow, by an approximate resolution, to propose a model of many phenomena, such as ocean currents and air mass
movements in the atmosphere for meteorologists, the behavior of skyscrapers or bridges under the action of wind for architects
and engineers, or that of airplanes, trains or high-speed cars for their design offices, as well as the flow of water in a pipe and
many other flow phenomena of various fluids. In mathematics, nonlinearity complicates things. In physics, too, the difficulty
arises. For this term nonlinearity has its translation in the complexity of the physical phenomena described. This difficulty of
resolution partly affects the analyses or descriptions of the modeled phenomena. The objective of this work is the search for exact
solutions of the Navier-Stokes equations in dimension 2 and in dimension 3. The method of the reduced differential transform is
used to find the exact solutions of these Navier-Stokes equations in 2D and 3D. This method gives an algorithm that favors the
rapid convergence of the problem to the exact solution sought. Besides the introduction, this article is structured as follows: the
presentation of the method, its application on the two selected Navier-Stokes problems whose exact solutions are obtained with
ease, then intervenes the conclusion of the whole work.
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Here, we are in the flows, the transport. We are interested
Reduced Differential Transform Method in the Navier-Stokes
equations [12-15]. In the fluid mechanics, the Navier-Stokes
equations are nonlinear partial differential equations that
describe the motion of Newtonian fluids (i.e. gases and most
liquids) [3]. The resolution of these equations modeling a
fluid as continuous medium with a single phase is difficult.

Our work is motivated by the search for the exact solution
of these nonlinear partial differential equations and the
problematic that arises, namely the manipulation of the
nonlinear terms.

The general objective is determining the exact solutions of
the partial differential equations when they exist. The
specific objective is determining the exact solutions of the
Navier-Stokes equations by the reduced differential
transform method (RDTM).

Before determining the exact solutions of the chosen

1. Introduction

In the context of climate change, population growth and
lack of appropriate urbanization policy, several serious
problems have become recurrent; especially in developing
countries with considerable population growth. Among these
problems there are: the deforestation, the presence of several
untreated garbage dumps, uncontrolled construction of
houses or uncontrolled urbanization; this untreated household
waste pollutes the atmosphere because of the inappropriate
gases that it can generate. Let us take the case of methane.
Where does methane come from? Agriculture is the
predominant source. Emissions generated by livestock, from
manure and the gastrointestinal waste. These mixtures of
gases that rise into the atmosphere cause turbulence, and
other situations. The phenomena of silting of rivers, roads,
plantations, transport of waste and pollutants are worrying.
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problems, a presentation of the method will be made. The
whole work will end with a conclusion.

2. Description of the RDTM

The Reduced Differential Transformation Method (RDTM)
was first proposed by the Turkish mathematician Yildiray
Keskin [7, 8]. This method is applicable to a large class if it
exists. After Yildiray Keskin and Oturanc [9], The RDTM has
also been used by many authors to obtain analytical
approximate and in some cases exact solutions to nonlinear

equations. Several types of nonlinear equations have had their
different exact solutions easily obtained. We can quote the
nonlinear Voltera partial integro-differential equation, the
Telegraph equation The inhomogeneous nonlinear wave
equation. For more details, we can refer [1, 2, 4-14].
Nevertheless, now suppose that function of two variables
u(x,t) which is analytic and k-times continuously
differentiable with respect to space x in the domain of our
interest [2-6, 16]. Suppose that we can consider this function
in this form: u(x,t) = f(x). g(t). Based on the properties of
differential transform, function can be represented as:

uCx, t) = (2o FOxD(ZfZe 6(NYY) = Xio U ()t (1

Where the function Ug(x) is called t-dimensional
spectrum function the of u(x,t). If the function u(x,t) is
analytic and differentiated continuously with respect to time
t and space x in the domain of interest, then let:

Ue) = & [suce )] @

Where the t-dimensional spectrum function Uy (x) is the
transformed function. The differential inverse transform of
Ui (x) is determined as follows:

- X w 1[d% k
u(x, t) = Y=o Uk ()t" = Zk:oﬁ [ﬁu(x, t)]t=0 O

In fact, the function u(x,t) can written in a finite series as
follows,

U (x, 1) = Tioo Uy (0" (4)

n is order of approximate where solution.
Therefore, the exact solution of the problem is given by

u(x, t) = lim,_ o, @, (x, t) (5)

The details for the proper understanding of the reduced
differential transformation method are well explained by
Keskin who is the author [12]. Many researchers have also
contributed to facilitate the understanding and use of this rich
method [1-3, 6, 7, 9].

To illustrate the basic concepts of the RDM, consider the
following nonlinear partial differential equation written in an
operator form:

Lu(x,t) + Ru(x, t) + Nu(x,t) = h(x,t) (6)
with initial condition:
u(x,0) = f(x) @)

According to the RDTM, the iteration formula can be
constructed as follows [1, 3, 5, 7]:

(k + DUps1(x) = G (x) = RUx(x) = NU(x) (8)

Some basic essential properties of the two-dimensional
reduced differential transform are presented in Table below
[1,2,4-9, 16].

Table 1. The fundamental operations of RDTM.

Functional Form Transformed Form

u(x,t) Up(x) ==

w(x, t) = u(x,t) £ v(x,t)
w(x, t) = au(x,t)
w(x, t) = x™t"
w(x, t) = x™t"u(x,t)
w(x, t) = ulx, )v(x,t)
aT
w(x,t) = ?u(x, t)
w(x, t) = Sul o)
TS u(x,t)
QX715

Wi (x) = x™6(k — n)
Wi (x) = x™ Uy ()
W (x) =

Wie(x) = - Uy (x)

Transformed form:

Functional form:

k! [%u(x, t)]t=0
Wi (x) = Up(x) £ Vi ()
Wi (x) = aUy(x) (a is a constant)

(k+s)! a"

o o Upeys (%)

I;:O Vr(x)kar(x) = Z’;:O Ur (x)Vk—r(x)

(k+7)!

W@ = (k + 1)+ Gk + DUjs (0 = £ 0, (1)

3. Application

Two problems have been selected to test the method; one is in dimension 2, the other in dimension 3 [11-13].

3.1. Example 1

Consider the two-dimensional Navier-Stokes equation
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U + uuy + vuy, = p (uxx + uyy)
©)
Ve +uvy, + Vv, = pg (vxx + vyy)
With the initial conditions
u(x,y,0) = —e*t7; v(x,y,0) = e**¥ (10)

In equations (9), p, denotes the kinematic viscosity of the flow. p, is the ratio n/p, where 1 denotes dynamic vis-cosity of
flow, and p the density of flow.
The application of RDTM to system’s equations (9) gives the algorithm

OWVi—r(x,y) OUk—r(x,y) a%u a%u
(k + DUy (x,y) + Z;’fzo U, (x) —kaxxy + Z’rc:o V() —kayxy = Po ( axzk + ayzk) (11)
WV_r () Ug—_r(x) %V (xy) | 0%VE(xy)
(e + DVieya (%, ) + T Up (0 D 4 T 1 (y) ZAEE = (TG0 4 T2KE0) (12)

The algorithm is manipulated by varying k, thus

6V0(x) an(X) 8%Up(x) |, 8%Up(y)
k=00 U (6 ) + Up(0) 22 + Vo () Z22 = py (552 + 592)

Ul(x, _'V) + ez(x+y) _ ez(x+y) — po(_ex+y _ ex+y)

Either
Ui (x,y) = —2poe**”
a%vo(x,y) |, 9%Vo(xy)
k= 0: V3(6y) + Up() 52 + Vo) 52 = po (g2 + 2020)
Vl(x, y) + eZ(x+y) _ eZ(x+y) — po(_ex+y _ ex+y)
Either
Vi(x,y) = —2py — e**¥
au au U 02U (xy) |, 92U1(xy)
k=1 20, (0, 9) + Up 52+ Uy 2+ Vo S 4 1, 50 = py (25 L)
Either
Uy (x,y) = —pge**”
oV, )Y av. )Y 2vi(x,y) |, 3%Vy(xy)
k= 1:2V5(0,0) + Up 52 + Uy 324 Vo 524+ V3 (0) 52 = py (g2 4 22220)
Either

V,(x,y) = pge**”

By the same principle of iterations, the following expressions can be deduced

For k = 2,
Us(x,y) = __Poex+y V3(x,y) = - pge**”
ulx,y,t) = Xoeo U (0, )tk = Uy + Upt + Uzt2 + Ust3 +
4
ulx,y,t) = =€ = 2poe* Ve — —pfe* Vet — o pfe* et -
3 4

u(x,y, t) = —e** [1 + 2pot + (ZPOO + (2‘73"'0 + (2":‘0 + ]

Either

1
u(x,y, t) = —e** Zﬁloﬁ(zl)of)k = — e¥tYe2pot
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The exact solution is:

u(x,y, t) = —eXty+2pot (13)

3.2. Example 2

In this example, the problem is the system of Navier-Stokes equations in space dimension [15]. The problem is the
following:

Up + Uty + Uy + Wiy = po(Uye + Uyy + Uyy)

Ve + uv, + vy, + Wu, = pg (vxx + vy, + vzz) (14)
we + uwy + vwy, + ww, = po(Wyy + W+ w,,)
The initial conditions are:
u(x,y,z,0) = uy(x,y,zt) = —%x +y+z
! v(x,y,z,O)=v0(x,y,z,t)=x—%y+z (15)

LW(x,y,Z,O) =wo(x,y,2,t) = x+y—§2

In equations (14), p, denotes the kinematic viscosity of the flow. p, is the ratio 1/p, where 1 denotes dynamic vis-cosity of

flow, and p the density of flow.
The application of the RDTM to each equation of the 3D system of Navier-Stokes equations gives the following algorithms:

OUg—r AUg—r OUg—r 92 92 92

U+ DUpir + Do Up 5 B Y 2 4 B W 2 = (S5 U+ 55 U + 55 U ) (16)
WVi—r Wiy WVi—r 92 92 92

U+ DVirs + Bkoy Up P2 4 B 2 4 3 W, 2 = g (S5 Vi + 502 Vie + 355 Vi) (17)
OWpg—r Wy Wy 92 92 92

Uk + Wiy + Do Up 0 4 BV 200 4 T W 20 = g (S Wi+ s Wi 5 We)  (18)

The manipulation of the values of k, gives:
For k = 0;

ou,  au,  aU, 92 2 2
U1+U0 a +V0 ay Wogzpo WU()‘l'a—:yZUO‘FﬁUO

v, av,  av, L
V1+U0§+VOE+W0¥ ax 2 a 2 a 2

ow, oW, oW, _ (97 92 a2
W1+U0 ax +V0 ay +W0 aZ a 2W0 ay2W0+ﬁW0

After all the substitutions and calculations, the following results are obtained:
1 1 1 1 1
Uyt x—sy—sz+x—-y+tz+x+y—-z=0
Let U; = —ox
4
1 1 1 1 1
Vl—Ex+y+z—5x+zy—gz+x+y—zz—0
Let V; = —%y

W1—%x+y+z+x—%y+z—%x—%y+iz=0

Let W, = —zz
At the passage of k = 1, the same iterative techniques of calculations, will be applied. From these new formulas deduced
from the manipulation of the values of k will result the following expressions. After all the substitutions and calculations

made, it follows
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4

W, =2(X+y—%z)

The expressions Us, V3, W5 are given by the formulas of

AU, U, au, U, au, au, au, U, Uy _

3U3 + UOE"‘ Ulg-l‘ Uzgﬁ'vog-l‘vlgﬁ'vzgﬁ' WOE+W1¥+W2¥— 0 (19)

av, vy vy v, avy vy av, vy vy
oW, owy aw, oW, ow; awy oW, ow;y ow,
As result:
9\2 9\2 9\2
Us==(3) w1a==() »ws=-(3) =
By the same calculations applied to formulas (16), (17) and (18), the sequence of terms follows.
As before, the exact solution is given by the relation:
u(x,y,z,t) = Uy + Uyt + Uyt? + Ugt3 + - (22)

u(x,y,z,t) = —%x+y+z—§xt+z(—%x+y+z) t? — G)Zxﬁ + (3)2 (—%x+y+z) t* — G)sxts + -

4

The terms are grouped two by two; U, and U;, U, and Uz, U, and Us, Ug and U,, and so on; its grouped terms
factorize like the sum of U, and U,, then lead to the expression:

u(x,y,z,t) = (—%x+y+z—zxt> +§[(—%x+y+z) —%xt] t? + G)Z [(—%x+y+z) —zxt] t*+

(23)
2
u(ey,zt) = (—3x+y+z —th) [1 +262 4+ G) t*+ ] (24)

Since this expression is not the sum of the terms of a classical numerical series, it requires an appropriate transformation or

writing, to bring out an expression easily identifiable with a Taylor development. This is the case of this problem. Thus

u(x,y,z,t) = (—%x+y+z—zxt)—1

The calculations for v(x) and w(x) give:

v(x,y,zt) = (x —%y+z—%xt) [1 +%t2 + G)Z 44 ]

w(x,y,z,t) = (X+y—%z—§xt) [1 +zt2 + G)Z 44 ]

The exact solution of example 2 is given by the expressions:

u(x,y,y,z,t) = W %)
v(x,y,¥,2,t) = % 29
W(x,y,y,z, t) =w (30)

9t2-4

On the physical level or in the reality of physical laws, the
velocities of flows in classical mechanics cannot be infinite.

This will not reflect the laws of fluid dynamics. Therefore,
it is necessary to pose the necessary condition of existence of a
physically admissible solution.

These results are valid with the condition

(25)

92
1 4t’

(26)

27

It] = 2
3

4. Conclusion

In general, the search for exact solutions of the
Navier-Stokes equations in 2D and 3D has not always been
easy. Great difficulties have often existed. However, the
RDTM was applied with ease. Good results have been
obtained. The expected results are the exact solutions of the
Navier-Stokes problems in 2D and 3D.

The exact solutions of the two systems of Navier-Stokes
equations, in 2D and 3D, have been obtained.

Of course, the calculations are tedious and the method
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requires a great mastery of the basic concepts. The results
therefore confirm the effectiveness of the method. It should be
emphasized that the search for the solution for the 3D case
requires a good mastery of the handling of Taylor series
developments. From this RDTM method, for future research,
it is possible to determine the exact solution of a mathematical
model coupled with the Navier-Stokes equations, in the cases
of sedimentary basin formation, transport of pollutants and
other materials carried, when the problem is well defined.

References

[1] Afzal Soomro M., & Hussain J. (2019). On Study of
Generalized Novikov Equation by Reduced Differential
Transform Method. Indian Journal of Sciences and

Technology, Vol. 12. DOI: 10.17 485/ijst/2019, ISSN (online):

0974-5645, pp: 1-6.

[2] Al-Sawoor, Ann J., Al-Amr Mohammed O. (2013). Reduced

Differential Transform Method for the Generalized Ito System.

International Journal of Enhanced Research in Science
Technology & Engineering. ISSN: 2319-7463, Vol. 2, Issue
11, novembre-2013, pp: 135-145.

[3] Amiroudine, S. and Battaglia, J. L., (2011). Mécanique des
fluides. Dunod.

[4] Cheng, X., Wang, L., & Shen, S. (2022). On Analytical
Solutions of the Conformable Time-Fractional Navier-Stokes
Equation. Reports on Mathematical Physics, 89 (3), 335-358.

[5] Hesam, S., Nazemi, A., Haghbin A. (2012). Reduced
Differential  Transform  Method for  Solving the
Fornberg-Witham Type Equation. International Journal of
Nonlinear Science. Vol. 13, N°. 2, pp: 158-162.

[6] Jafari H., Jassim, H., K., Moshokoa S., P., Ariyan V., Tcchier
F., (2016). Reduced differential transform method for partial
differential equations within local fractional derivative
operators. Advances in Mechanical Engineering. Vol. 8 (4). pp:
1-6.

[71 Keskin Y., Oturanc G., (2009). Reduced Differential

(8]

(9]

[10]

[11]

[15]

[16]

Transform Method for Partial Differential Equations.
International Journal of Nonlinear Sciences and Numerical
Simulation. 10 (6), pp: 741-749.

Keskin Y., (2010). Application of Reduced Differential
Transformation Method for Solving Gas Dynamics Equation.
Int. J. Contemp. Math. Sciences, Vol. 5, N° 22, pp:
1091-1096.

Keskin Y., Oturanc G. (2010). Reduced Differential
Transform Method for solving linear and Nonlinear wave
Equations. Iranian Journal of Science & Technology.
Transaction A, Vol. 34, N°A2, pp: 113-122.

Mirzaee, F. (2011). Differential Transform Method for
Solving Linear and Nonlinear Systems of ordinary Differential
Equations. Applied Mathematical Sciences. Vol. 5, n°. 70, pp:
3465-3472.

Mukhtar, S., Shah, R., & Noor, S. (2022). The Numerical
Investigation of a Fractional-Order Multi-Dimensional Model
of Navier-Stokes Equation via ovel Techniques. Symmetry. 14
(6), 1102.

Nemah, E. M. (2020). Homotopy Transforms analysis method
for solving fractional Navier-Stokes equations with
applications. Iraqi Journal of science, 2048-2054.

Prakash, A., Prakasha, D. G., & Veeresha, P. (2019). A reliable
algorithm for time-fractional Navier-Stokes equations via
Laplace transform. Nonlinear Engineering, 8 (1), 695-701.

Rashidi, M. M., & Shahmohamadi, H. (2009). Analytical
solution of three-dimensional Navier—Stokes equations for the
flow near an infinite rotating disk. Communications in
Nonlinear Science and Numerical Simulation, 14 (7),
2999-3006.

Singh, B. K., & Kumar, P. (2018). FRDTM for numerical
simulation of multi-dimensional, time-fractional model of
Navier—Stokes equation. Ain Shams Engineering Journal, 9 (4),
827-834.

Wellot, Y. A. S., & Nkaya, G. D. (2022). Combinate of
Reduced Differential Transformation Method and Picard’s
Principe. Applied and Computational Mathematics, 11 (4),
87-94.



